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Abstract. The Pinney equation is part of the original Ermakov system which has been the
subject of intensive study recently. Here we show that it may be related to a two-dimensional
conformal Riccati equation leading to a new method for its linearization. A discrete analogue
of the Pinney equation is constructed using the above connection with the conformal group.
An alternative discretization is obtained by using a discrete Schwarz derivative. Both of these
nonlinear difference equations are linearizable.

1. Introduction

Pinney (1950) stated without proof that the general solution of the second order nonlinear
differential equation

Vex + fV+cv =0 (1)

wherec is a non-zero constant, is related to the fundamental set of solutions of the linear

equation

Yox + fOY = 0. (2)

The equations (1) and (2) form a system of differential equations studied much earlier
by Ermakov [1880]. Systems of this kind have been investigated intensively during recent
years (Athorne 1992, Athornet al 1990, Govinder and Leach 1994, Ray and Reid 1979)
since they have applications in many areas including quantum mechanics, elasticity and
optics. In fluid dynamics they arise in two-layer shallow water theory (Rogers 1989).

Recently Conte (1992) considered the generalized form

Ver + g1(0) vy + g2(x)v + h5(x)v 3 =0 h3 #0 (3)

by making the substitution = v=2 to give

—%uuxx + %u% — %gl(x)uux + go(x)u? + h%(x)u4 =0. 4)

He showed that (4) has the Paindeproperty if and only if

g1(x) +hz,/ha(x) =0 )
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and this is precisely the condition for (3) to transform to the Pinney equation (1) under the
substitution

v(x) > e—%f*'gl(t)dfv(x) = K_lhé/zv(x) (6)

with K4 = ¢:
_ 1h3,xx 3 h3,x 2

f(x)=82(x)+é h _4<h3). (7)
In that case, on making the substitution

u(x) = ¢y /[2h3(x)¢ (x)] (8)
equation (4) transforms to

¢)CXX 3 ¢XX 2 _

0. _2<¢x) =2 o

This is a particularly interesting form of the Pinney equation as the Schwarz derivative
appears on the Lh.s., leading to a linearization as described in section 2. In section 3
we establish a very useful association between the Pinney equation and a two-dimensional
conformal Riccati system which lead to further methods for linearizing (3) when (5) is
satisfied.

At the present time there is great interest in discretizing differential equations of Rainlev
type. The Pinney equation has this property and belongs to the class of Gambier (1910)
equations which are linearizable. In section 4 we obtain discrete versions of the Pinney
equation which retain this property of linearizability. The first uses the fact that the
conformal Riccati equation corresponding to (4) is linked with an infinitesimal conformal
transformation as discussed by Andersdral (1982). The obvious way to proceed is to
take instead a discrete conformal transformation and corresponding difference analogues of
the conformal Riccati equations. A discrete form of the generalized Pinney equation (4)
may then be constructed from these nonlinear difference equations.

A second method of discretization for (4) is to start from its Schwarzian form (7). There
are many possible discrete forms of the Schwarzian derivative and we will introduce one
that is related to a discrete Riccati equation and corresponding second order linear difference
equation in analogy to the continuous case.

In section 5 we will summarize and give conclusions to our work.

2. The Pinney equation and three fundamental ODE

Let S be a given analytic function of the complex variableand consider the three
differential equations i, w, v, respectively:

buee 3 ()

b 2 ( bx ) =5 (10)
wy + ° = —8(x)/2 (11)
—21/fxx/¢ =S5(x). (12)

The expression on the |.h.s. of (10) is the Schwarz derivative (see Hille 1976, ch 10)
of ¢. It is important since it is the unique elementary function of the derivatives which is
invariant under homographic transformationgof

b ap +b
co+d

(a, b, ¢, d) arbitrary constantad — bc =1
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and hence plays a central role in ‘invariant’ Pairdeanalysis (Conte 1989).
It is a classical result (Painlévi897) that these three equations are equivalent. There
are six relations betweaf, w, ¥ (Conte 1992) such that if is a solution of (12) thew,
w are corresponding solutions of (10), (11), respectively, and similarlypfandw. They
take the form

. Cld’x _ ¢xx
D= e 2, (13)
V(@) = (c1¢p + c2) s 2 (14)
_ c1(w2 — w1) + c2(w3 — w1) _
(w) = cica—cc3 =1 (15)
c3(wz2 — w1) + ca(wz — w1)
V@ =ty pi= 2T yp= Vs g
(w2 — w1) (w3 — w1) (w3 — w2)
_ayr+cayn B _
¢(1/f) = m cica —cacz =1 (17)
11y + 2oy
= = = 18
() c1yr + ez (18)

wherew;, w,, wz andyry, ¥, are respectively particular solutions of (11) and (12).

We have not been able to obtain discrete forms of all these relations, but in section 4
we will find enough to take us from a discrete version of (10) to a corresponding version
of (12) and back again. This then provides a linearization of the discrete form we have
constructed for (10) and hence for the generalized Pinney equation (4).

3. Conformal Riccati system

Two main classes of linearizable coupled Riccati systems of equations are (Anééison
1982) as follows:

(1) Projective Riccati equations:

They have the matrix form

wy, =a+ Bw + w(c, w) (19)

where the elements ¥ x N matrix B and N-dimensional vectors, ¢ are functions of
the independent variable
(2) Conformal Riccati equations:

wy =0+ Ew+aw + w(vy,w) — %'y(w,w) (20)
with N x N matrix E satisfying

EI+1ET =0 (21)
where/ is such that
(6, ) = 6" Taw = 8100 + 00 + -+ + 8p0tp — 8pp10py1 — - — Syoty (22)

and 1< p < N.
We will now show that the Pinney equation in the form (4) corresponds to a two-

1 g] and withe? = +1.

dimensional conformal Riccati system. Take= 2, [ = [0

Then (20) may be written in component form,

=T L ]+ ] - ] e ]

(23)
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where all coefficients are real functions.af ChoosingD; = B; = B, = 0 and eliminating
z from the two coupled first order ODEs corresponding to (23), we obtain

3 2 D2X 1 2 DZX
o — = 24, — —= = - A —A1x 4+ A==
Y. Zyx+[ 1~ D, y]y 1ty )

2 2
21,2 € 54
We see that this is equivalent to (4) when
A1=0 Ay = 2g2€2/D5 D5 = —4h3e? (25)

and that (5) is then also satisfied. &5 is real,e?h3 must be negative.

The standard way to linearize the conformal Riccati system (20) is to first of all convert
it to a projective Riccati system of one higher dimension. For the two-dimensional case
(23) we make the definition

w= y2 + €272 (26)
and then in the case where the coefficients satisfy (25),

yx = €2Dayz (27)

z = Ap — 3Dow + €2Dyz? (28)

wy = 262A2z + € Dowz (29)

which is a three-dimensional projective Riccati system. This is equivalent to the linear
system

V1,x 0 0 0 0 U1
vor | |0 0 —iDp Ap ||
U3 x — 10 2€2A2 0 0 U3 (30)
v4,x 0 —€2D2 0 0 V4

wheny = vy/vs, 7 = v2/v4, W = v3/V4.

A very elegant way of linearizing the two-dimensional conformal Riccati equation (23)
is to note that it corresponds to a scalar Riccati equation. If we défine z + icy, then
(23) with the coefficients satisfying (25), correspond to

2
Wy = Ap + %DZWZ. (31)

This scalar equation may be linearized in the usual way by setting %22{2% + %-;}
and using relations (25) to obtain

S

where S(x) = 2f(x) is the r.h.s. of the Schwarzian form (7), (9) of the Pinney equation.
Let go, 13 € R so thatS is real, and takey = re<" with r, 5 real. Then (32) becomes

S .
Fax + (2 - eznf) r4ie(rn, +rng) =0 (33)
and will be satisfied if
S
Fex + (2 — e%ﬁ) r=0 (34)
and
T % oy, = ev/=Cr 2 (35)
Nx r
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whereC is an arbitrary constant, and hence when

S
Fex + 5" +Ccr3=0. (36)

Here appears the link with the original Pinney equation (1).

Settingy = 1 + i€y, wherey; are two linearly independent real solutions of (32)
with Wronskian equal te+/—C, we have that? = y2 + €2y2 and we directly derive the
solution of (4) by taking account of (6):

JC
= . 37
u 2hs (37)
As the Wronskian is invariant under the linear transformation
Y1 a b:| |:¢11|
38
[wz] - [c d || v (38)
with (ad — bc)? = 1, the general solution of (4) is
C
Ve (39)

u =
ha(A1Y? + 2A91 Y2 + Agyr?)

with A1A3 — A3 = €2(ad — bc)? = €2. This form coincides with the formula given by
Athorne (1992).

4. Discrete forms of the Pinney equation

There are of course infinitely many ways of constructing nonlinear difference equations

which tend to the Pinney equation in the continuum. We will discuss two approaches based

on the connection with the conformal Riccati equation and Schwarz derivative, respectively.
The conformal Riccati equations in (20) are the infinitesimal counterpart (Andetson

al 1982) of the discrete conformal transform of the veetoin R given by

ot
[1+4 2w, ) + w?~?]

where A is a general Lorentz transformation anda are inRY and p is a scalar. The
most obvious and natural way to discretize (20) is then to consider (40) as a mapping from
w(n) to w(n + 1). To obtain the discrete analogy of the Pinney equation we ke 2

as in section 3 and the standard form of (40) with= 7, p = 0, = (), & = (0). The
mapping (40) may then be written in the component form

w— A (40)

y(n +1) = ym)/{1+ 26%p2(n)z(n) + [y*(n) + €222(n)]€?y2(n)) (41)
z(n+1) = {z(n) + Y2 W[y (n) + €222 ()]}
x {1+ 2¢%p2(n)z(n) + [y2(n) + €222()]€2y2 ()} + aa(n) (42)

and one obtains (23) in standard form (27), (28) by setting
x =nh, y(n) - y(x) z(n) = z(x)
y2(n) = —hDy(x)/2 az(n) = hAz(x)

and taking the continuum limit — O.
By choosing homogeneous coordinates on the null cor\it?:

w; =& /[§o + En+al i=1....N (44)

(43)
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with
P N+1
D &= ) §=0 (45)
j=0 j=p+1
the mapping (40) corresponds to the linear transformation
€0 &o
( 3 >—>g(p,A,a,v)< 3 ) (46)
EN+1 EN+1
where
g(p, A, o, ) = gr(@)gp(p)gr(A)gc (V) (47)

with gr(a), gp(p), gL(A) and gc(v) representing translations, dilations, Lorentz

transformations and special conformal transformations respectively (Andetsdri982).
For the special cas§ =2, A =1, p=0,v = () andex = () considered herez,

andg, are unit matrices and

1+ 5—2201% 0 E2up 6—22053
(@) = 0 1 0 0
gric) = (¢ %] 0 1 (0%
e 2 2 e 2
L 5% 0 —€“a 12— Sa;
(1-57 0 €n 573 (49)
() = 0 1 0 0
8c\Y) = _23/2 0 1 yzz .
L —%yzz 0 €y 1+ %yzz
Then (41), (42) are equivalent to the linear recurrence relations
Eo(n + 1) o(n)
&(n+1) | &1(n)
&(n+1) §3(n)
with
y(n) = &1(n)/[&o(n) + &3(n)] z(n) = &2(n)/[So(n) + &3(n)]. (50)

A discrete form of the Pinney equation may then be obtained by eliminatiny
between (41), (42). From the first of these we have a quadratic equatiarrfoand we
choose the root

€ (—1+ /st — vEmyAm)

z2(m) = (51)
v2(n)
to get the correct continuum limit. Substituting in (42), we obtain the equation
1 2 1 yn+1l) o,
= _ 1 2 1
a4 D) Ty TP T Lt 1)\/y(n T et byfn+d
yin+1) y(n) - )
— € n n). 52
)’(’1))/2(”)\/ SRR (52)

The square roots may be eliminated by squaring twice but this leads to rather complicated
expressions. The nonlinear difference equation (52) can be considered as the discrete
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analogue of the Pinney equation. It is simplest to consider coupled recurrence relations
(41), (42) which are linearizable and also have the inverse transformation:

y() = y(n + D{1 = 2% po(m)[z(n + 1) — c2(n)]
+X2(n + 1) + €2 (2(n + 1) — aa(m)y3 (m) (53)
2() = {z(n + 1) —a2(n) — y2(M[y?*(n + 1) + €2(z(n + 1) — a2(n))*]}
X (1= 2e%ya(m)[z(n + 1) — az(n)]
+2[y2(n + 1) + 2z2(n + 1) — a2(n) 2} L (54)
The nonlinear difference equation (52) is a discrete form of the Pinney equation which
it tends to in the contiuum limit. This is most easily seen by setiitg = 1/w(n) and

taking the limiting process (43). Expandingn + 2), w(n + 1) up to terms of Qk?), it is
a lengthy but straightforward calculation to show that in the limit> O,

1 2 h5(x)
WWyy — wa + 2h5 — h ) +2¢(x)w?=0 (55)

which corresponds to (3) and (5) in the variahle= v?.

An alternative way of discretizing the Pinney equation is to start from its form (9) in
terms of the Schwarzian derivative ¢f Although there are a number of discrete forms for
this derivative with the property of invariance under the homographic transformation

¢ (n) — [ag(n) + b]/[cp(n) +d] (56)

we will choose a particular form where the discrete analogue of (10) may be transformed
into the discrete Riccati equation corresponding to (11).
The Schwarzian derivative of the functign(n) of the discrete variable is defined by

S(n) = MH[p(n) —p(n — DI[¢p(n + 1) — 3p(n) +3p(n — 1) — ¢(n — 2)]
3o +1) —2¢(n) + p(n — D][¢(m) —2¢p(n — 1) + ¢(n — 2]}
x{[p(n +1) —p(n — D][¢p(n) —p(n — ]} * (57)

and corresponds to that given previously by Faddeev and Takhtajan (1986).
It is easily seen that this has the correct continuum limit (10) and very interestingly is
related to the cross-ratio of four adjacent valuegof.e.

{1_ [¢>(n 1 - ¢(n—2)][¢(n+1)—¢(n)]}
[p(n+1) —¢p(m —D][p(n) —p(n — 2)]

so thatS(n) is obviously invariant under the homographic transformatiog @f).
In analogy to the continuum case, (57) is equivalent to the discrete Riccati equation

S(n) = (58)

om+1) —whn) +omo®+1) =—3150) (59)
where

wn) =—[¢p(n) —2¢(n —1) +¢(n—2)]/[p(n) — $(n — 2)] (60)

corresponding to definition ab(x) in (13) with ¢c; = 0. It should be remarked that the
denominator on the r.h.s. of (13) is replaced by a sum of two first differencg&frather
than twice a single first difference.

In the continuous case, the generalized Pinney equation (4) with coefficients satisfying
(5) may be written in the form (9), where the l.h.s. is the Schwarziap @f) after
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substitutingu by ¢, /2h3¢. The discrete analogue of (7), (9) is then from (57),

M) —p(n— D¢+ 1) — 3p®) +3p(n — 1) — ¢p(n — 2)]
3o +1) —20(n) +¢(n— DI[d(n) —2¢(n — 1) + ¢(n — 2]}

x{[p(n+1) —p(n — D[p(n) — p(n — 2)1}*

— 2g,(n) + [As(n + 1) — 2h3(n) + hz(n — 1)]
hs(n)

_ 3[hz(n + 1) — h3(n)][h3(n) — h3(n — 1)]
2h3(n — Dhs(n + 1) '

(61)

In analogy to the continuous case, we make the substitution
u(n) = [¢(n) — ¢(n —1)]/2h3(n)¢(n) (62)
in (61) and using (58) to give
{16h3(n — Dhz(n + Du + Du(n — D[1 — 2hg(m)u(n)]}
x{[1 — (A — 2hz(m)u(n))(1 — 2hz(n + Du(n + 1))]

x[1 — (1= 2h3(n — Du(n — 1)1 — 2ha(mu(n)]} ™ — 1

[h3(n + 1) — 2h3(n) + ha(n — 1)]
= g2(n) +
ha(n)

_3[h3(n + 1) — ha(n)][h3(n) — h3(n — 1)]
4hs(n — Dhs(n + 1) ’

(63)

We can show that (63) has the correct continuum limit in the following manner. Set
u(n) = h/[w(n) + hhz(n)] and then (63) is transformed to

w(n) wn + 1) i| [ w(n) N wrn —1)
2h3(n) 2h3(n +1) 2h3(n) 2h3(n — 1)

w?(n)
h3(n)

—hz—(1+h2f(n))[ }:o (64)

andh?f(n) is the r.h.s. of (63).
Setting

x =nh w(n) = wx) fn) — fx) ha(n) — h3(x)

and expandingu(x & &), ha(x + h) to O(h?), we obtain the continuous limit (55).

The equation (63) is our second type of discrete Pinney equation. It has the advantage
over the previous form (52) in that no square roots have to be eliminated and it may be
linearized since it is equivalent to the discrete Riccati equation (59) whkére is the
r.h.s. of (61). This in turn may be transformed to a second order linear difference equation
through the substitution

wm) =[Yn+1) —ym]/¥®n) (65)
giving
Y(n+2) =2y (n+1) +¥n) = —35m)y®). (66)
Given a solution of (59), we have from (60) that

[A(m) — A(n —1)]

@) == A + An =D

An)=¢n) —¢(n —1). (67)
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The solution of this equation foA (n) is

l1-ow() B
An) _]_]_![Hw(])} A(0) n=12... (68)
l+w(+1 o
]j[l w(JJrl)}A(O) n=-1-2,... (69)
and then
$(n) =Y A(j) + ¢(0) n=12,... (70)
j=1
—1
Z_ZA(]'+1)+¢(0) n=-1,-2,.... (71)

j=n
Finally the general solution of our second discrete Pinney equation (63) is

A(n)

u(n) 2han)é (1) n=0,4+1,42, ... (72)
where A(n), ¢ (n) are given by (68) to (70) in terms of the general solutiofz) of the
discrete Riccati equation (59).

We finally investigate the continuum limit of (68) by writing it in the form

l—[ 1—-hw(jh
i[(p(nh) d)((n_l)h)]_f[qj(o) vl [nghﬂ
n 1—h h
*[d)(o) " h)]exp{z'og[ngh;” (73)

with h = 1. Settingx = nh, t = jh and lettingh — 0, we obtain

0:(x) = 6,(0) exp[ —2[ o dti|. (74
0

Taking logarithms and then differentiating, we obtain precisely the expressian(ior
in terms of the derivatives af(x) given by (13) withc; = 0.

5. Conclusions

The classes ofV first order coupled nonlinear differential equations with superposition
principles have been identified fof < 3 by Bountiset al (1986). ForN = 2 there are just
two classes which are, respectively, projective Riccati and conformal Riccati systems. We
have shown in section 3 that the Pinney equation is equivalent to such a conformal Riccati
system, leading to a novel linearization of this equation. This connection has also been used
in section 4 to obtain a discrete Pinney equation from a corresponding discrete conformal
Riccati system given by (41), (42) or equivalently the difference equation (52). This
approach has the advantage that this discrete Pinney equation corresponds to the mapping
(41), (42) which is linearizable and invertible. We are now looking at the possibility of
linking higher-dimensional conformal Riccati systems to coupled Pinney systems such as
those being studied by Athorne (1992).

Our alternative approach to obtain a discrete analogue of the Pinney equation is to work
through the expression in terms of a Schwarzian derivative. We defined a discrete version of
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this derivative, which interestingly is related to the cross derivative of four adjacent values
of the dependent variable. The corresponding nonlinear difference equation was shown to
be equivalent to a discrete Riccati system and hence linearizable. This approach has the
advantage that the resulting discrete Pinney equation (63) contains no square roots to be
eliminated, as was the case with (52).
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